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Abstract
Starting from the dual action of (4; 4) 2D twisted multiplets in the harmonic
superspace with two independent sets of SU(2) harmonic variables, we present its
generalization which hopefully provides an o-shell description of general (4; 4) su-
persymmetric sigma models with torsion. Like the action of the torsionless (4; 4)
hyper-Kahler sigma models in the standard harmonic superspace, it is characterized
by a number of supereld potentials. They depend on n copies of a triple of analytic
harmonic (4; 4) superelds. As distinct from the hyper-Kahler case, the potentials
prove to be severely constrained by the self-consistency condition which stems from
the commutativity of the left and right harmonic derivatives. We show that for
n = 1 these constraints reduce the general action to that of (4; 4) twisted multiplet,
while for n  2 there exists a wide class of new actions which cannot be written
only via twisted multiplets. Their most striking feature is the nonabelian and in
general nonlinear gauge invariance which substitutes the abelian gauge symmetry
of the dual action of twisted multiplets and ensures the correct number of physical
degrees of freedom. We conjecture that these actions describe sigma models with
non-commuting left and right complex structures on the bosonic target.
1 Introduction
An interesting and important class of two-dimensional supersymmetric sigma models con-
sists of those with (4; 4) worldsheet supersymmetry. The main reason of current interest
to them is that they can provide non-trivial backgrounds for d = 4 strings (see, e.g., [1]).
Relevant bosonic target manifolds in general possess a nontrivial torsion and two sets
of covariantly constant complex structures (left and right ones) which in general do not
commute [2, 3]. The (4; 4) sigma models which can be obtained via a direct dimensional
reduction of N = 2 4D sigma models constitute merely a subclass in the general variety
of (4; 4) sigma models; their bosonic target manifolds are hyper-Kahler (or quaternionic-
Kahler in the case of local supersymmetry) and so are torsionless and possess only one
set of complex structures [4]. A manifestly supersymmetric o-shell description of this
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latter type of sigma models has been given in [5 - 7] in the harmonic N = 2 4D (or
(4; 4) 2D) superspace with one set of harmonic variables parametrizing the SU(2) auto-
morphism group of N = 2 4D ((4; 4) 2D) supersymmetry [8, 9]. Later on, an analogous
formulation with the use of the same type of harmonic superspace has been constructed
for sigma models with heterotic worldsheet (4; 0) supersymmetry [10] (these models in
general possess a torsion).





, there arises a possibility to consider more general types of harmonic
superspaces compared to the one utilized in [8 - 10]. In [11] A. Sutulin and the author
have constructed the (4; 4) 2D harmonic superspace which involves two independent
sets of harmonic variables parametrizing two commuting SU(2) automorphism groups












. We have shown how to describe in this SU(2)  SU(2) harmonic
superspace the (4; 4) twisted supermultiplet [2, 13] and presented the most general o-
shell action of the latter as an integral over an analytic subspace of this superspace. The
action involves the standard number of auxilary elds (four bosonic ones) and, in accord
with reasonings of Refs. [2, 14], corresponds to a general (4; 4) supersymmetric sigma
model with torsion and mutually commuting sets of left and right complex structures. A
new dual form of the action in terms of unconstrained analytic superelds with an innite
number of auxiliary elds has been also given. An interesting peculiarity of the dual action
is the abelian gauge invariance which ensures the on-shell equivalence of this action to
the original one. We argued that this form of the action is a good starting point to attack
the problem (as yet unsolved) of constructing a manifestly (4; 4) supersymmetric o-shell
description of (4; 4) sigma models with non-commuting left and right complex structures.
These models cannot be described only in terms of (4; 4) twisted multiplets [2, 14], so
one is led to seek for such generalizations of the dual action which would not allow an
equivalent formulation via (4; 4) harmonic superelds representing twisted multiplets
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.
In the present paper we generalize the dual action of (4; 4) twisted multiplet along
these lines. As the main result, we nd a wide class of (4; 4) sigma model actions with a
nonabelian generalization of the abelian gauge invariance of the dual action. They cannot
be written through (4; 4) twisted superelds only and, for this reason, can be thought of
as corresponding to the aforementioned more general type of (4; 4) sigma models.
Our consideration is largely based upon an analogy with the description of torsionless
N = 2 4D ((4; 4) in two dimensions) hyper-Kahler supersymmetric sigma models in the
standard (having one set of harmonic variables) harmonic superspace. So we start in
Sect.2 by recapitulating salient features of this description. Then in Sect.3 we recollect
the basic facts about the SU(2)  SU(2) harmonic superspace and o-shell description
of the twisted (4; 4) multiplet in its framework. In Sect.4 we discuss the dual action of
the latter which involves n copies of a triple of unconstrained analytic superelds, and
construct its most general extension, proceeding from the analogy with the general hyper-




For other proposals of how to describe o shell (4; 4) and (2; 2) sigma models with non-commuting
complex structures see Refs. [12, 15, 16].
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distinct from the unconstrained potentials of the hyper-Kahler (4; 4) action, prove to be
severely restricted by the integrability condition coming from the commutativity of the
left and right harmonic derivatives. In Sect.5 we elaborate the n = 1 example (with four-
dimensional bosonic target) and show that the integrability constraint just mentioned
reduces the general n = 1 action to that of one twisted multiplet. In Sect.6 we come back
to considering the generic n  2 action. Under some natural simplifying assumptions we
partially solve the integrability constraint and nd a wide variety of the actions which
do not admit a representation through the twisted (4; 4) superelds and so presumably
describe sigma models with non-commuting left and right complex structures. Besides the
inevitable presence of an innite number of auxiliary elds, one more intriguing feature of
these actions is the nonabelian and in general nonlinear gauge invariance which generalizes
the abelian gauge symmetry of the dual action of twisted multiplets and restores the
correct number of physical degrees of freedom (4n bosonic and 8n fermionic ones). We
discuss in some detail an interesting subclass of them, direct bi-harmonic analogs of the
two-dimensional Yang-Mills action.
2 Sketch of (4; 4) sigma models in standard harmonic
superspace
To make further consideration more understandable, it is instructive to start with a brief
review of the o-shell formulation of (4; 4) sigma models in (4; 4) 2D harmonic superspace
obtained by dimensional reduction from the standard N = 2 4D harmonic superspace
[8, 9]. They contain no torsion in the bosonic part of the action; the bosonic target space
metric is necessarily hyper-Kahler [4].
The sigma models in question are described in terms of unconstrained analytic har-
monic superelds q
(+)M
(; u) (M = 1; 2; :::2n) dened on the (2j4) dimensional (4; 4) 2D
analytic harmonic superspace (see [5, 6] for details and terminology).
































parametrize the two-sphere S
2
 SU(2)=U(1), SU(2) being the diagonal subgroup in the
product of two independent SU(2) automorpism groups (the left and right ones) of the
(4; 4) 2D Poincare superalgebra. The indices  in the parentheses refer to the harmonic
U(1) charge, other 's are 2D light-cone indices.
The general action of superelds q
(+)M
yields in the bosonic sector a generic sigma
model on 4n dimensional hyper-Kahler manifold. The action is given by the following

















































is the analyticity-preserving harmonic derivative, 
( 4)


























; u), encode (locally) all the information about the relevant bosonic hyper-
Kahler manifold. The elds parametrizing the latter appear as the rst components in










The needed number of independent real elds in q
iM
(z) (just 4n) comes out as a result















is a constant skew-symmetric matrix and the generalized involution \" is dened






have a clear geometric meaning: these are the hyper-
Kahler potentials, the basic objects of unconstrained formulation of hyper-Kahler geom-
etry given for the rst time in [7]. There we started from the standard denition of
this geometry as a Riemann geometry with restricted holonomy group (in case of 4n
dimensional manifold it should belong to Sp(n)). We extended the original (arbitrary)
hyper-Kahler manifold by a set of harmonic variables which parametrize the SU(2) group
rotating complex structures and then solved the constraints on the curvature by passing
to a new, analytic basis in such a harmonic extension. The main feature of this extension
which is visualized by passing to the analytic basis is the existence of an analytic sub-
space with twice as few coordinates compared to the manifold one started with (besides
the harmonic variables the number of which is the same). The basic geometric objects






functions on this analytic subspace.
The fact that the action of most general N = 2 4D ((4; 4) upon the reduction to two








with coordinates of the analytic subspace of the harmonic extension of
the target hyper-Kahler manifold, and the automorphism SU(2) with the SU(2) group
rotating complex structures on this manifold, makes manifest the remarkable one-to-
one correspondence between N = 2 4D ((4; 4) 2D) supersymmetry and hyper-Kahler
geometry [7]. There exists a clear analogy with N = 1 4D ((2; 2) 2D) sigma models:
the most general o-shell supereld Lagrangian of the latter can be interpreted as some
Kahler potential, with the involved chiral superelds as the coordinates of the associated
Kahler manifold. This makes manifest the one-to-one correspondence between Kahler
geometry and N = 1 4D ((2; 2) 2D) supersymmetry [17].
It is important to point out that the supereld action (2.2) has been written and
interpreted as the most general N = 2 4D supersymmetric sigma model action [5, 6]
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as the basic objects of hyper-Kahler
geometry and deducing them >from the primary principles of the latter in [7]. Many
characteristic features of the analytic space formulation of this geometry can be read




































as well as under the following transformations called in [6] the hyper-Kahler ones (because

























; u) : (2.6)
Here @
(+2)





geometric origin of these transformations have been fully understood later on [7] within
the analytic space formulation of hyper-Kahler manifolds. Note that these invariances
can be used to gauge L
(+)
M











thus demonstrating that the only essential hyper-Kahler potential is L
(+4)
(the sign \ "
in (2.7) ensures the correct sign of the kinetic term of physical bosonic elds in the
component action).










































also has a nice geometric interpretation. Dening the target space harmonic derivative
D
(+2)























one observes that eq. (2.8) is none other than the expression of the target space analytic
vielbein E
(+3) M







is analytic and, hence, that D
(+2)
(2.9) preserves the target
space harmonic analyticity.
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In what follows we will refer to a slightly dierent representation of the general action
(2.2). Let us split the target space world index M as M = (i) ; i = 1; 2;  = 1; 2; :::n












































































(!; l; u)g : (2.11)






, as well as the !; l realization of groups (2.4), (2.6), is of no need for our





are also pure gauge. They











































(l; u)g : (2.13)
This reduced action is the general action of the so called \N = 2 tensor multiplets".
Indeed, varying (2.13) with respect to !















(l; u) ; (2.14)
with the supereld l
(+) 





= 0 : (2.15)
This is just the harmonic superspace action and constraint of N = 2 4D ((4; 4) 2D)










(2.13) through the unconstrained analytic superelds !

. This kind of N = 2 4D
((4; 4) 2D) duality relates to each other two dierent o-shell descriptions of the same
scalar supermultiplet (4+4 components on shell): with a nite number of auxiliary elds
(l representation of the action) and with an innite number of auxiliary elds (! repre-
sentation of the action). Note that the passing to the ! form is possible for the general
action (2.11) as well, because for the supereld l
(+2) 








+ ::: ; (2.16)
and by means of this equation l
(+2) 
can be expressed in terms of !

. Actually, the l; ! and
! actions are the rst and second order forms of the same general (4; 4) supersymmetric
hyper-Kahler sigma model action.
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3 (4,4) SU(2)  SU(2) harmonic superspace
In xing our further notation we will basically follow Ref. [11] with minor deviations. We
start with some denitions.












Here +;  are light-cone indices and i; k; a; b are doublet indices of four commuting SU(2)




of (4; 4) 2D
Poincare superalgebra. The harmonic (4; 4) superspace constructed in [11] is an extension
of S
(1;1j4;4)






































The harmonics u and v carry two independent U(1) charges which are assumed to be
strictly conserved (like in the standard N = 2 4D harmonic superspace [8, 9]). This














. All superelds given onHS
(1+2;1+2j4;4)
possess two denite U(1)
charges and, correspondingly, are assumed to be decomposable in the double harmonic
series on the above 2-spheres.
Like in the N = 2 4D case, the main merit of passing to the (4; 4) harmonic super-
space in question is the existence of an analytic subspace in it which is closed under the














































can be found in [11]. Superelds given on the
superspace (3.1), 
p;q
(; u; v) (p and q are values of the left and right harmonic U(1)
charges), are called analytic (4; 4) superelds.
The analytic superspace (3.1) is real with respect to the generalized involution \"




























). The analytic superelds 	
p;q
can be chosen real with respect






; jp+ qj = 2n : (3.3)
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In what follows we will need the fact of existence of two mutually commuting sets of
























































, when applied on
























































(; u; v) = p
p;q





(; u; v) = q
p;q
(; u; v) : (3.6)
The last topic of this Section will be the harmonic superspace o-shell description of
(4; 4) twisted chiral multiplet.
This multiplet is represented by an analytic (4; 4) supereld q
1;1










= 0 : (3.7)
They leave in q
1;1
8 + 8 independent components [11], just the o-shell eld content of
(4; 4) twisted multiplet [2, 13]. Notice a formal similarity of the constraints (3.7) to the
constraint dening N = 2 tensor multiplet in the harmonic N = 2 4D superspace (2.15).
The crucial dierence between either constraints is that (2.15) implies a dierential con-
dition for a vector component of the relevant supereld, requiring it to be divergenceless,
while this is not the case for the constraints (3.7). These constraints are purely algebraic
and express the higher dimension components of q
1;1
through z-derivatives of the physical
dimension ones (they leave as independent also four auxiliary elds which enter the 
expansion of q
1;1





To understand the origin of the dierence between two types of constraints, let us




harmonic superspace to the standard





correspondingly, both harmonic U(1) charges. The harmonic derivative D
(+2)
(2.3) is








From this consideration it is already clear that there is no smooth transition between
the constraints (3.7) and (2.15). The eld content of q
1;1
also changes. While before













comprises 4 independent elds, after the identication this number is reduced to 3 (only
the symmetric part of q
ia
survives). As a result of imposing the constraint (2.15) on
8
the reduced supereld, the lost fourth scalar eld reappears as a solution to the diver-









. Note that the smooth transition between the two supereld systems
becomes possible in the dual action of q
1;1
(see below).
Despite the essential dierence between the constraints (3.7) and (2.15), invariant
actions of q
1;1
look similar to those of l
(+2)
(2.14). The general o-shell action of n
superelds q
1;1M







































) bears in general an arbitrary dependence on its arguments,
































6= 0 : (3.10)











= 0 : (3.11)
The passing to the component form of the action is straightforward [11]. The bosonic
sigma model action consists of two parts related to each other by (4; 4) supersymmetry:
the metric part and the part including the torsion potential.
As an important particular example of q
1;1
action we give the action of (4; 4) extension
















































= 2 : (3.13)
Despite the presence of an extra quartet constant c
ia
in the analytic supereld Lagrangian,
the action (3.12) actually does not depend on c
ia
[11] as it is invariant under arbitrary
rescalings and SU(2)  SU(2) rotations of this constant.
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4 Dual form of the q
1;1
action and its generalization
By adding the constraints (3.11) with Lagrange multipliers to the general q
1;1
action (3.8)























; u; v)g : (4.1)






are now unconstrained and one can vary





straints (3.11) and we recover the original action (3.8). Alternatively, one can vary (4.1)
with respect to q
1;1M



























; u; v) : (4.3)





























The dual action (4.4) provides a new o-shell formulation of (4; 4) sigma models
with commuting left and right complex structures via unconstrained analytic (4; 4) su-
perelds. The most characteristic feature of such formulations is the presence of in-
nite number of auxiliary elds [8, 9]. Thus, in the case at hand the physical compo-
nent action for 4n bosons and 8n fermions is restored only after eliminating an in-
nite tower of auxiliary elds coming from the double harmonic expansion of superelds
!
1; 1 N
(; u; v) ; !
 1;1 N
(; u; v).
To see in more detail how this occurs, let us focus on the bosonic degrees of freedom.







each including 4n real bosonic elds in the rst term of its double harmonic expansion
(higher rank bosonic elds nally prove to be auxiliary and we should not care about
them). Varying q
1;1N
yields an algebraic equation (4.2) by which q
1;1N
is eliminated in












(cf. eq. (2.16)). Thereby, the number of physical dimension bosonic elds is reduced from
12n to 8n. However, the number of such elds carried by two ! superelds is still twice
the number of those carried by q
1;1
in the original formulation. So one may wonder how
the on-shell equivalence of these two o-shell formulations is achieved. The answer is that
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the equivalence is guaranteed due to the invariance of the action (4.1) and its ! version


















(; u; v) being arbitrary analytic functions. This gauge free-





, thus restoring the correct physical eld content of the theory. For instance, the
















and one may x the gauge so as to entirely eliminate one set of these elds (other gauge
choices are also possible). Thus, in contrast to the q
1;1
supereld formulation, where the
necessary set of the physical elds is ensured by imposing the harmonic constraints on
q
1;1
, the same goal in the dual formulation is achieved thanks to the gauge freedom (4.6)
(and after eliminating an innite set of auxiliary elds). This gauge invariance is the
main novel feature of the dual formulation of the q
1;1
action compared to an analogous
formulation of the l
(+2)
action in the conventional harmonic superspace. It is a necessary













in (4.1)) and one can expect that any reasonable generalization
to the case with interaction should enjoy this important symmetry. Below we will see
that this is indeed so, the abelian gauge invariance getting nonabelian in general.
For what follows it will be important to realize that the gauge freedom in question










viz. the constraints (3.11), are not entirely independent: due to the above commutativity













) = 0 : (4.8)
In the simplest case we are considering, this condition is identically satised (since L
2;2




). However, in more general cases it puts non-trivial
restrictions on the structure of the action. Below we will see that in all examples in which
the condition (4.8) is satised the relevant actions respect gauge symmetry (4.6) or a
nonabelian extension of it.
It is to the point here to mention a clarifying analogy with the abelian gauge theory




are analogous to the x derivatives
@





are analogs of the two-
dimensional U(1) gauge connection A

(actually, of N independent copies of it), the
quantity A
1;1N


























F = 0 : (4.9)
3
Just as the dual action of (4; 4) supersymmetric hyper-Kahler sigma model (2.11) is analogous to the
rst order form of a scalar eld action.
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) = 0 : (4.10)
The conservation law (4.10) ceases to be trivial after inserting a matter current into the
r.h.s. of (4.9): in this case it requires the current to be conserved as a consequence of
the equations of motion, which imposes severe restrictions on the structure of this current
and implies the gauge symmetry of the free action to extend to the whole action. Quite






there will appears a
non-zero \current" in the r.h.s. of eqs. (3.7) and the condition (4.8) will become the
harmonic conservation law for this current, severely restricting the structure of the latter
and, hence, of L
2;2
. In the sequel we will often resort to this analogy.
The last comment concerning transformations (4.6) is that they dene a genuine sym-
metry of the actions (4.1), (4.4), contrary, e.g., to the transformations (2.4), (2.5), (2.6)
which are a kind of equivalence redenitions of the involved superelds and potentials.
These latter transformations leave the relevant actions form-invariant but change the
precise structure of the potentials in them.
Let us turn to generalizations of the action (4.1). As was argued in [2, 14], with
making use of the (4; 4) twisted supermultiplet alone one may construct only the (4; 4)
sigma models with mutually commuting left and right complex structures. Then a natural
way to approach the problem of constructing o-shell (4; 4) supereld actions with non-
commuting structures is to seek for such generalizations of the action (4.1) which do not
admit the passing to a pure q
1;1
form. The rest of the paper is devoted to deducing such
generalizations.
The action (4.1) is an analog of the dual l
(+2)







being an analog of the pair l
(+2)
; !. So one may write the most general
action of this triple, making in (4.1) the substitutions like those which lead from (2.13)























































(q; !; u; v) ; (4.11)







and harmonics u; v. For the time being we leave aside the important question of
implementing the gauge freedom (4.6) in this action and try to use the set of invariances of
the type (2.4), (2.6) to reduce the number of independent potentials as much as possible.















(q; !; u; v) : (4.12)
It is straightforward to nd the transformations of the potentials such that the action is
form-invariant. Their explicit structure is not too enlightening.
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Another type of invariance is similar to the hyper-Kahler one (2.6) and is related to
























(q; !; u; v) :
Once again, it is easy to indicate how the potentials should transform to generate the
shifts (4.13). It will be important for our consideration that, assuming the existence of
the at limit (given by the action (4.1) with L
2;2




), the full gauge

























;  being arbitrary parameters. In this gauge (which is an analog of the gauges (2.7),
















































and is invariant under the following transformations which are a mixture of (4.12) and













































































































































































































(one should add, of course, the coordinate transformations (4.12) with the parameters
(4.17)). Note that in the case of general manifold (M = 1; 2:::n; n > 1) it is impossible
to gauge away any of the surviving potentials with the help of this remaining gauge
freedom, though one can still put them in the form similar to the normal gauge of the
hyper-Kahler potential L
(+4)
[7]. The fact that there remain three more potentials besides
H
2;2
(which is a direct analog of L
(+4)
) is the essential dierence of the considered case
with torsion from the torsionless hyper-Kahler case. It is worth mentioning that upon the
























are combined into a shift of
l
(+2)N
. This shift can be absorbed in an equivalence redenition of l
(+2) N
, after which
one recovers the !; l action (2.11) of the general (4; 4) hyper-Kahler sigma model in the
\at" gauge (2.12).
As was noticed in Sect.2, the q
(+)
equation of motion (2.8) following from the general
q
(+)
action (2.2) has a transparent interpretation within the analytic target space geome-






of the analytic target space harmonic
derivative via the unconstrained hyper-Kahler potential L
(+4)
. At present we have no
clear understanding which kind of the central basis geometry underlies the general (4; 4)
action (4.11) (in view of the presence of nontrivial torsion terms it certainly cannot be
Riemannian). The direct study of the geometry of the relevant analytic space (spanned






and harmonics u, v) starting, by analogy with
the hyper-Kahler case, from the action (4.11), (4.15) could help to clarify this point.
We will deal with the gauge-xed action (4.15). Let us introduce, like in the hyper-




. When acting on
























































































The complete target space geometry is as yet unclear to us, so there could exist additional




could contain extra partial derivatives appearing
with the related vielbeins (e.g., one may expect that the full harmonic traget space in the







, one more coordinate l
 1; 1 N
which is represented by a general harmonic





assume that they have the proper action on all the objects depending on harmonics u and
v. In particular, when acting on an arbitrary analytic harmonic (4; 4) supereld (it can












Using the denition (4.19), the equations of motion following from (4.15) can be

























































































































































































Looking at these relations one immediately realizes what is the main dierence >from











, are really eliminated. Three remaining ones are
not constrained by these equations and so are to be treated as some independent quanti-
ties. One cannot even conclude that they are local functions of the analytic target space











can be eliminated by the kinematic relations following >from the natural requirement that





































= 0 : (4.24)
Of course, these relations are identically satised with the denition (4.19). For the time
being let us forget about the latter (from the point of view of the target space geometry
these expressions mean that the harmonic vielbeins are induced as a result of passing to the









) and treat (4.22) - (4.24) as the consistency conditions
for the harmonic vielbeins. Then (4.23), (4.24) are dierential equations dened on the
















are harmonic derivatives of analytic superelds).







in a sense auxiliary.










three of which are expected to be related by eqs. (4.20) to the potentials present
15







thogonal" to the one entering rst of eqs. (4.20)) remains arbitrary. We will come back
to this general case after studying, in the next Section, the n = 1 example.
The last (but not least) problem is to satisfy the consistency constraint (4.22) which
is none other than the integrability condition (4.8). The natural requirement is that
this condition is obeyed as a consequence of the initial equations of motion (4.20) and
does not produce additional dynamical restrictions on the involved superelds (let us













>from eqs. (4.20), substitute these expressions
into (4.22), evaluate the result of action of the harmonic derivatives on them and use













. Finally, one should equate the coecients before the same harmonic derivatives
in both sides of the resulting equality, as well as the terms containing no such derivatives.











. Thus, in contradistinction to the hyper-Kahler case, the potentials of the general
sigma model action in the considered case with torsion prove to be necessarily constrained.
At present we do not know how to solve these constraints in general. Moreover, they look
rather ugly, for which reason we do not present them here. However, the study of a simple
n = 1 example in the next Section shows that these constraints are very restrictive. Now
we turn to considering this particular case.
5 Digression: n = 1 example







dimensional manifold of physical bosons (provided the gauge freedom (4.6) or some its
























































(q; !; u; v) which, before enforcing the integrability
conditions (4.22) - (4.24), are arbitrary functions of their arguments. The action is still

















































































































= 0 : (5.5)
















































However, even for this simple set of equations the analysis of the restrictions imposed by
the integrability condition (4.22), (4.8) proves to be a rather dicult task. We postpone




= 0 : (5.7)


















(q; u; v) : (5.8)


























To extract the consequences of the integrability condition (4.22), we act on the r.h.s.

















, and nally equate the obtained









as well as the terms without derivatives, we






























































= 0 : (5.11)
From eqs. (5.10) we nd
H
2;2
(u; v; q; !) = h
2;2








(u; v; q) ; (5.12)
































= 0 : (5.13)


























It is easy to see that the action, with taking account of the constraint (5.13), is invariant






























and so propagates just 4 bosonic elds like the action (4.1).
Despite the appearance of nonlinearities, these transformations are abelian like (4.6)
and this property already suggests that the action (5.2) with the additional condition
(5.7) is actually a reparametrization of the dual form of the q
1;1
action (4.1). This is
indeed so. It is easy to show (starting with a linearized level) that the general solution to













(u; v; q) ; (5.16)
with 
1;1











Let us return to the generic n = 1 action (5.2). In order to simplify the analysis
of the relevant set of equations of motion (5.6) we will stick to a natural assumption
which will be also used in an analogous analysis of the general set (4.20) in the next















from the harmonic dierential equation (4.24) and so
can be treated as an auxiliary quantity. Besides, it does not appear at all in the equations
corresponding to the free action. So it seems natural to postulate that it drops out as
well from the equations of motion with interaction. In the considered case this postulate



















; u; v) : (5.17)
It is covariant under the transformations (5.3) - (5.5) with the following additional re-






























; u; v) : (5.18)




is independent of !
1; 1
, this remaining gauge freedom is su-








= 0 case already considered.
As a nal step in our analysis of the n = 1 case we briey discuss how to solve the
integrability constraint (4.22) for the general set (5.6) without any ad hoc assumptions. We
will reproduce the condition (5.17) within this setting and thereby justify our dynamical
postulate.




= 0 case (though it becomes
much more involved) we arrive at several constraints. Most essential of them proves to




















It is straightforward to check that this condition is covariant under the whole target space














+ ::: ; (5.20)




do not depend on !
 1;1
and eq. (5.19) is covariant, we observe from (5.20) that G
0;2
can










= 0 : (5.21)













never appears in the equations of motion, the general n = 1 action (5.2) coin-
cides, modulo a eld redenition, with the general dual action (4.1) of one self-interacting
twisted (4; 4) multiplet. So the relevant (4; 4) sigma models always admit a formulation
in terms of single twisted supereld q
1;1
(constrained by (3.7)) and, in accord with the
arguments of Refs. [2, 14], correspond to the case of mutually commuting left and right
complex structures on the target. In the next Section we will see that, beginning with
n = 2, this equivalence to the action (4.1) ceases to hold in general.
6 Back to the general case
In order to simplify the general set of equations (4.20) we accept the same dynamical
postulate as in the n = 1 case. Namely, we require that eqs. (4.20) pose no any restrictions

































































= 0 : (6.2)
We believe that, like in the n = 1 case, these relations can be rigorously derived by
applying the integrability condition (4.22) to the set (4.20) without any prerequisite as-
sumptions. We postpone the check of this natural hypothesis to the future.
The set of constraints (6.1), (6.2) is closed under the action of the group (4.16), (4.17)







































































; u; v) :
(6.4)
It is easy to see that this restricted gauge freedom combined with the constraints (6.1),








= 0 : (6.5)








= 0 ; (6.6)



































, u, v, while the gauge
function 
0;2












one may gauge away all the pieces totally symmetric in indices M;N; ::: (in the

















































; u; v) ; (6.9)
with  being a real parameter.
Thus, under the dynamical assumption (6.1), (6.2) and before examining consequences







































is dened in eq. (6.9) and H
2;2
for the moment is an arbitrary function of
the involved superelds and harmonics.
Let us now pass to analysing the integrability condition (4.8). It is still rather dicult
to analyse it for the whole action (6.10), so we postpone this task to the future study and








= 0 : (6.11)
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(q; u; v) : (6.12)





































To nd out the restrictions imposed by the integrability condition (4.8) on the structure
of H
2;2
, we proceed in the same way as in the n = 1 example. The n  2 generalization






































































































(q; u; v) : (6.16)
Notice the presence of the term bilinear in !'s in the general case. Plugging this expression










































































































































































































These action and equations enjoy a rich set of invariances.
One of them is the form-invariance under the restricted reparametrizations (4.16),























































































It is a simple exercise to check also the covariance of constraints (6.17) - (6.20) under
these reparametrizations.
More interesting is the gauge invariance inherent to the action (6.22). It is a highly



























































As expected, the action is invariant only provided the integrability conditions (6.17) -
(6.20) are obeyed. In general, these gauge transformations close with a eld-dependent
22
Lie bracket parameter. Indeed, commuting two such transformations, say, on q
1;1N
, and
























We see that eq. (6.20) guarantees the nonlinear closure of the algebra of gauge trans-
formations (6.25) and so it is a group condition similar to the Jacobi identities. It is
curious that the gauge transformations (6.25) with the relation (6.20) are precise bi-
harmonic counterparts of the basic relations of a two-dimensional version of the recently















We point out that it is the presence of the antisymmetric potential h
2;2 [N;M ]
that makes
the considered case nontrivial and, in particular, the gauge invariance (6.25) nonabelian.
If h
2;2 [N;M ]
is vanishing, the invariance gets abelian and the constraints (6.17) - (6.20)
except for (6.17) are identically satised, while (6.17) can be solved on the pattern of the




can be gauged away
using the 
1;1 N
freedom (6.24), and we return to the general twisted multiplet action
(4.1). On the contrary, with nonvanishing h
2;2 [N;M ]





to be pure gauge. We cannot remove the ! dependence from second and third of
eqs. (6.23) by any local eld redenition with preserving harmonic analyticity. Moreover,
in contradistinction to the constraints (3.7), these equations are compatible only with
using the rst equation. So, the obtained system denitely does not admit in general
an equivalent description in terms of twisted (4; 4) analytic superelds. Hence, the left
and right complex structures on the target space can be non-commuting. On the other
hand, q
1;1N
can be expressed by rst of eqs. (6.23) (at least, iteratively) via ! superelds
to yield ! representation of the action similar to (4:4). The main distinguishing feature
of this general ! action is the nonlinear and nonabelian nature of the underlying gauge
symmetry.
It remains to solve the constraints (6.17) - (6.20). They have a nice geometric form
and certainly encode a nontrivial geometry. For the time being we are not aware of their
general solution and are able to present only a particular one. Nonetheless, it is very
remarkable on its own and seems to share most of characteristic features of the general
case.




































= const ; (6.27)
where the constants f
NML
are totally antisymmetric. The constraints (6.17) - (6.19)
are identically satised with this ansatz, while (6.20) is now none other than the Jacobi
identity which tells us that the constants f
NML
should be the structure constants of some
real semi-simple Lie algebra (the minimal possibility is n = 3, the corresponding algebra
being so(3)). Thus the (4; 4) sigma models associated with the above solution can be
interpreted as a kind of Yang-Mills theories in the harmonic superspace. They provide a
natural nonabelian generalization of the twisted multiplet sigma models with the action
23
(4.1) which, as was mentioned in Sect.4, are analogs of two-dimensional abelian gauge
theory. The action (6.22), equations of motion (6.23) and the gauge transformation laws
















































































































These formulas make the analogy with two-dimensional nonabelian gauge theory al-
























= 0 ; (6.31)
and we recognize (6.28) and (6.29) as the harmonic counterpart of the rst order formalism
of two-dimensional Yang-Mills theory. In the general case q
1;1M
is a nonlinear function
of B
1;1 N
, however for B
1;1 N
one still has the same equations (6.31).
It is instructive to see how the fundamental integrability condition (4.8) is satised




























We stress once more that in checking this condition in the nonabelian case one necessarily
needs rst of eqs. (6.29), while in the abelian, twisted multiplet case (4.1) the integrability
condition is satised without any help from eq. (4.2). As was already mentioned, this
property reects the fact that the class of (4; 4) sigma models we have found cannot be
described only in terms of twisted (4; 4) multiplets (of course, in general the above gauge
group has the structure of a direct product which can include abelian factors; the relevant
q
1;1
's satisfy the linear twisted multiplet constraints (3.11)).
An interesting specic feature of this \harmonic Yang-Mills theory" is the presence
of the doubly charged \coupling constant" b
1;1
in all formulas, which is necessary for the










, we conclude that in
the geometry of the considered class of (4; 4) sigma models a very essential role is played




! 0, the nonabelian structure contracts into the
abelian one and we reproduce the twisted multiplet action (4.1). If the action (6.28)
24
indeed corresponds to non-commuting left and right complex structures on the target
space (this is still to be checked), then the complex structures become commuting in this
limit and b
ia
can be interpreted as a measure of non-commutativity of complex structures.
In forthcoming publications we will present more detailed study of all these issues,
including those related to the target space geometry and complex structures, at the com-
ponent level.
Finally, to avoid a confusing, we point out that the analogy with two-dimensional
gauge theories is somewhat formal because there is no any genuine propagating gauge
elds among the components of the superelds !. The only role of the gauge freedom
(6.30) seems to consist in ensuring the correct number of physical degrees of freedom in
the action (6.28) (after elimination of q
1;1N
). It is also unclear, in what sense the transfor-
mations (4.6), (6.25), (6.30) could be interpreted as gauging of some rigid ones. Indeed,









= 0 leads to the trivial result 
 1; 1M
= 0. The group-
theoretical and geometric meaning of this gauge invariance remains to be understood.
7 Summary and outlook
For reader's convenience, we summarize here the basic steps and results of our analysis.
We have proceeded from the dual action (4.1) of (4; 4) twisted multiplet in the an-
alytic harmonic SU(2)  SU(2) superspace and written down its most general conceiv-







(M = 1; :::n). Then, using a freedom with respect to the redef-
initions (4.12) and (4.13), we reduced it to the form (4.15). In order to simplify the













which do not appear in the free equations of
motion are not present in the equations with interaction as well. For n = 1 this assump-
tion follows from the basic integrability condition (4.8), while for n  2 we took it as a







action to the form (6.10). After enforcing further simplifying constraint
(6.11) we studied the restrictions imposed on the structure of the reduced action by the
integrability condition (4.8). The latter entirely xes the ! dependence of the supereld








constrained by eqs. (6.17) - (6.20). The action (6.22) reveals new features
compared to the twisted multiplet action (4.1) only provided the potential h
2;2 [N;M ]
is
non-vanishing; otherwise (6.22) can be reduced to (4.1) by a eld redenition. For n = 1
the potential h
2;2 [N;M ]
identically vanishes, so the novel class of (4; 4) sigma model actions
with non-zero h
2;2 [N;M ]
exists beginning with n = 2. Its main novelty is the nonabelian
and in general nonlinear gauge invariance (6.25) which substitutes the abelian gauge in-
variance (4.6) of the twisted multiplets action. These new actions involve an innite
number of auxiliary elds and do not admit a formulation in terms of the twisted (4; 4)
superelds only. For the latter reason they are good candidates for o-shell description
of (4; 4) sigma models with non-commuting left and right triplets of complex structures.
There remains a lot of things to be done and questions to be answered. Besides a
25
general problem of inquiring the intrinsic geometric aspects of the action (6.22) and con-
straints (6.17) - (6.20) as well as revealing their links with the full target space geometry,
there are a few more specic (and urgent) ones two of which we will outline here.
An interesting problem is to nd out whether the constraints (6.17) - (6.20) admit
solutions corresponding to (4; 4) supersymmetric WZNW sigma models on the group
manifolds from the list given in [19]. Only for the simplest manifolds from this list,
namely [U(1)]
4
and SU(2)  U(1), the left and right complex structures commute [14]
and only for the related WZNW models there exists a description via twisted multiplets
(in the q
1;1
language, these models are described by the free action (3.9) and the action
(3.12), respectively). On higher-dimensional manifolds which are not reduced to products
of these two, the left and right structures do not commute. We conjecture that the
associated (4; 4) WZNW sigma models are described o shell by the actions (6.22) with
proper potentials h
2;2 [N;M ]
. The minimal dimension of the supereld triples at which
h
2;2 [N;M ]
exists, n = 2, amounts to the dimension 8 of the bosonic target. This precisely
matches with the dimension of the rst nontrivial manifold from the aforementioned list,
that of the group SU(3).






in the analytic SU(2)  SU(2) harmonic superspace indeed yields a most general (4; 4)
supersymmetric sigma model. Our starting point in this paper was the analytic supereld
q
1;1
which represents a (4; 4) twisted multiplet. But this is merely one type of (4; 4)
twisted multiplet. There exist other types which reveal the same irreducible (8 + 8) o-




assignment of component elds (see,
e.g., [20, 21]). For the time being it is unclear how to simultaneously decribe all these
types within the same SU(2)SU(2) harmonic superspace. Perhaps, they can be related
to each other by a duality transformation (just as all N = 2 4D matter multiplets are
related to the ultimate analytic q
(+)
multiplet [5]). Alternatively, it may happen that for





, i.e. to introduce two extra sets of SU(2) harmonic
variables, and to consider appropriate analytic superelds in this maximally extended
(4; 4) harmonic superspace. The relevant actions will be certainly more general than those
discussed in this paper. Anyway, in order to distinguish between all these possibilities,
one should, before all, understand in full the geometry of the target space and various
harmonic extensions of the latter for general (4; 4) sigma models, like this has been done
for their hyper-Kahler subclass in [7].
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